Comment on some particular phases of supersymmetric QCD by Jora, Renata
ar
X
iv
:1
81
1.
00
31
6v
1 
 [h
ep
-p
h]
  1
 N
ov
 20
18
Comment on some particular phases of supersymmetric QCD
Renata Jora a
a National Institute of Physics and Nuclear Engineering PO Box MG-6, Bucharest-Magurele, Romania
We study two phases of supersymmetric QCD associated to the singularities of the renormalization
constant of the fermion mass operator. We find a behavior of the potential between two charges for
the phases of interest that it is consistent with Seiberg results on these aspects based on a different
method.
The study of the phase diagram of a gauge theory is
of extreme relevance for its nonperturbative behavior. In
[1], [2] Seiberg elucidated the main aspects of the phase
diagram of supersymmetric QCD using the powerful tools
of holomorphicity and duality. Some properties of the as-
sociated phases for both QCD and supersymmetric QCD
were analyzed from the perspective of renormalization
group equations in [3].
In this work we will discuss two particular phases of
supersymmetric QCD based on the singularities of the
renormalization constant of the fermion mass operator
Z2. It turns out that those cases for which we can gather
information are the free electric and the free magnetic
phases already introduced by Seiberg for the same num-
ber of flavors.
The Lagrangian for supersymmetric QCD in terms of
the holomorphic coupling has the expression:
Lh =
1
16
∫
d2θW a(Vh)W
a(Vh) + h.c.+∫
D4θ
∑
I
Φ†i exp[2V
i
h ]Φi, (1)
where i represents the chiral multiplet i and V ih = V
a
h T
a
i
where T a are the generators of the group in the funda-
mental representation of the chiral multiplet.
A transformation to the canonical couplings by the
change of variable Vh = gcVc [4] leads to the canonical
Lagrangian with the right kinetic terms for the supermul-
tiplets. The corresponding beta function in the canonical
coupling is the NSVZ beta function [5]:
β(gc) = −
g3c
16π2
3N −Nf +Nfγ(gc)
1−N
g2c
8pi2
, (2)
where γ(gc) is the anomalous dimension of the chiral mul-
tiplet mass operator which at one loop has the expression:
γ(gc) =
d lnZ2
d ln(µ)
= −
g2c
8π2
N2 − 1
N
. (3)
The connection between the holomorphic coupling and
the canonical one is given by [4]:
1
g2h
=
1
g2c
+
N
8π2
ln(g2c )−
Nf
8π2
lnZ2, (4)
where Z2 is the anomalous dimension of the fermion mass
operator.
It is known that the first two orders coefficients of a
beta function and the first order coefficient of the anoma-
lous dimensions are renormalization scheme independent.
In consequence we may consider only the first order coef-
ficient of the anomalous dimension relevant. In this case
one can write:
∂ lnZ2
∂gc
=
∂ lnZ2
∂ ln(µ)
∂ ln(µ)
∂gc
=
γ(gc)
β(gc)
. (5)
and integrate d lnZ2 using the expressions in Eqs. (2)
and (3) to obtain:
lnZ2 = const +
N
3N −Nf
ln(g2c ) +
N(3N − 2Nf )
Nf (3N −Nf )
ln[Nf − 3N +NNf
g2c
8π2
]. (6)
In the following we shall discuss the singularities asso-
ciated with the expression in Eq. (6).
It is evident that lnZ2 diverges for Nf = 3N . One can
estimate the factor in front for Nf = 3N :
lnZ2 = const +
1
3N −Nf
ln
[
g2N (NNf
g2
8π2
)−N
]
=
−
N
3N −Nf
ln[
NNf
8π2
], (7)
to determine that in the Large N limit
NNf
8pi2
> 1 one has:
1) Nf ≈ 3N but Nf slightly larger that 3N leads to
lnZ2 =∞.
2) Nf ≈ 3N but Nf slightly lower than 3N leads to
lnZ2 = −∞.
Knowing that the holomorphic beta function runs at
one loop one can write:
1
g2h
=
3N −Nf
8π2
ln[
µ
Λ
], (8)
where Λ is the supersymmetric QCD scale and µ the
running scale. For a fixed 1
g2
h
for Nf → 3N(Nf < 3N)
then µ ≈ ∞. For Nf → 3N(Nf > 3N) then µ ≈ 0.
Consequently for µ ≈ 0, lnZ2 = ∞ and for µ ≈ ∞,
lnZ2 = −∞. Eq. (4) yields for 3N = Nf :
0 =
1
g2c
+
N
8π2
ln(g2c )−
Nf
8π2
lnZ2. (9)
Noting that 1
g2c
= 1
ZAg
2
c0
where gc0 is the bare coupling
constant we observe that according to our previous argu-
ments: ZA → 0+ for small momenta and ZA → 0− for
2large moments. Since the actual on-shell-gluon propaga-
tor (one can consider gluino with the same result) has
the expression:
Gluon propagator ≈
1
p2
ZA, (10)
it is clear that in order for that to have the correct behav-
ior in both low energy and large energy regime it must
be of the form:
Gluon propagator ≈
1
p2 ln[Λ
2
p2
]
. (11)
But the potential between two charges is the Fourier
transform in the three dimensional space of the expres-
sion in Eq. (11):
V (r) ≈
∫
d3~p
1
p2 ln[Λ
2
p2
]
exp[irp] ≈
1
r
1
ln(Λr)
∫
d3~p′
1
p′2 ln[ Λ
2
p′2
]
exp[ip] ≈
1
r
1
ln(Λr)
, (12)
where in the last line we made the change of variables
pr = p′.
Note that according to Seiberg classification [2] the po-
tential in Eq. (12) corresponds to the free electric phase.
On the other hand using different arguments Seiberg
found that the case Nf = 3N is associated to the free
electric phase. Our findings thus confirm Seiberg’s re-
sults.
The second singularity of interest in Eq. (6) is when
the logarithm diverges i.e. when:
Nf − 3N +NNf
g2c
8π2
= 0
Ng2c
8π2
=
3N −Nf
Nf
(13)
Then indifferent of the coupling constant for Nf ≤
3N
2
lnZ2 = −∞ and for Nf ≥
3N
2
lnZ2 = +∞. The case
Nf =
3N
2
is the only one we can discuss. According to
Eq. (4) then one can write:
1
g2h
= const finite−
Nf
8π2
ln(Z2). (14)
The correct renormalization of the holomorphic cou-
pling is 1
g2
h
= ZA
g2
h0
. Based on our previous arguments we
determine that for Nf ≤
3N
2
ZA = ∞, for Nf ≥
3N
2
ZA = −∞. But,
1
g2h
=
3N −Nf
8π2
ln[
µ
Λ
], (15)
which means that for µ small 1
g2
h
≈ −∞ and for µ large
1
g2
h
=∞. Of course 1
g2
h
should be regarded in the asymp-
totic limit and it is assumed that may take any value.
Also it is important to observe that ZA has the same
behavior as 1
g2
h
The only possible gluon propagator compatible with
this behavior is :
Gluon propagator ≈
1
p2
ln[
p2
Λ2
], (16)
which further leads to a potential:
V (r) ≈
1
r
ln(Λr). (17)
According to Seiberg classification this case corre-
sponds to the free magnetic phase and again our re-
sult agrees with Seiberg’s results which state that for
Nf =
3N
2
the supersymmetric QCD is in the free mag-
netic phase.
In summary we analyzed two particular phase of su-
persymmetric QCD related with the number of flavors at
which singularities in the renormalization constant of the
fermions mass operator occur. It turns out that our study
leads directly to a potential between two charges corre-
sponding to the free electric and free magnetic phases
respectively. Our results agree exactly with Seiberg find-
ings for Nf = 3N and Nf =
3N
2
. The method might
shed some lights on other nonperturbative aspects.
[1] N. Seiberg, Nucl. Phys. B 435, 129 (1995).
[2] N. Seiberg, Nucl. Phys. Proc. Suppl. 45 BC:1-28 (1996).
[3] R. Jora, arXiv:1809.01834 (2018).
[4] N. Arkani-Hamed, H. Murayama, JHEP 0006, 030 (2000).
[5] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I.
Zakharov, Nucl. Phys. B 229, 381 (1983); ibid. B 2600,
157 (1985); Phys. Lett. B 166, 334 (1986).
